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r-| ! Abstract: D-instanton calculus has proved to be able to probe the AdS near horizon 

geometry for D-branes systems which, when decoupled from gravity, yield four 
I dimensional superconformal gauge theories with various matter content. In this 

^ I work we extend previous analysis to encompass fractional brane models which give 

rise to non conformal M = 2 Super Yang-Mills theories. Via D-instanton calculus 
we study the geometry of such models for finite N and recover the (3 function of the 
gauge coupling constants which is expected in non conformal gauge theories. We 
also give a topological matrix theory formulation for the D-instanton action of these 
theories. Finally, we revisit the related system where the D3-branes wrap a M^/Zj 



p 



orbifold singularity and the D(-l) branes are associated to instanton solutions of 
four-dimensional gauge theories in the blown down ALE space. 
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1. Introduction 

The present work arises from two distinct sets of motivations which point both in 
the direction of D-branes. 

The first motivation is given by the difficulties that one finds in extending the 
Maldacena's conjecture |[l| to A/" = 2 models which do not enjoy the property of 
conformal invariance 0-0. The classical supergravity solutions dual to such non 
conformal gauge theories typically possess infrared singularities which have to be 
resolved to yield sensible models. A proposal for a resolution of such singularities is 
known as the enhangon mechanism: if a massive probe moves in the backgrounds of 
the fractional D3-brane, it becomes tensionless before reaching the singularity. The 
supergravity description breaks down and one is forced to consider stringy effects 
which presumably would smooth out the singularity. Despite some recent progresses 
[§] in the understanding of the physics of the enhangon, a complete satisfactory 
picture is still missing. 

In the conformal versions of the Maldacena's conjectures D-instanton calculus 
has been proved to efficiently probe the geometry of the associated supergravity 
solution 0. Indeed instanton dominated correlators for the four dimensional Yang- 
Mills theory (SYM4) with color gauge group SU{N) and sixteen supersymmetric 
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charges have been put in correspondence in the — > oo hmit with D-instanton 
corrections to higher derivative terms in type IIB supergravity on AdS^ x 0, §]. 
The result rehes on the fact, proved in [0, that the multi-instanton moduh space 
of A/" = 4 SU(N) SYM4 factors out, in the large N limit, in an AdS^ X term 
describing the overall center of mass degrees of freedom and an effective SU {k) 
matrix model describing degeneracies of the bound state of k D-instantons in ten 
dimensions. Generalizations to other SYM4 with different gauge group or matter 
content have been addressed in |P, [l^, |ll] . In ^ the authors studied a model arising 



from a system of D3-branes living at an orientifold 7-plane together with eight D7- 
branes that, in the low energy limit and when gravity is decoupled, gives rise to 
superconformal J\f = 2 SYM4 with gauge group Sp{N). Depending on whether one 
tests the geometry with "regular" or "fractional" ^ D(-l)-instantons, the expected 
large N geometry AdS^ x S^/7j2 or AdS^ x were recovered respectively. The 
case of IIB string theory compactified to six dimensions on K3 with a vanishing two 
cycle was coped with in |Ty]. The low energy theory is A/" = 2 SYM4 with gauge 
group SU{N) and Np = 2N fundamental hypermultiplets. The geometry seen by 
the instanton probe was proved to be AdS^ x 5*^ in the large N limit. 

A more general class of models is defined by locating a stack of D3-branes at 
a R^/r singularity, with T a discrete subgroup of SU{4:). From the gauge theory 
point of view such moddings act on the 7^-symmetry group and with a suitable 
prescription they reduce the number of supersymmetric charges without spoiling the 
conformal invariance of the theory [jl3l . The resulting low energy theory is A/" = 0,1,2 
SYM4 (depending on whether F is embedded in a S'f/(4), SU{3) or SU{2) subgroup 
of the SU{4:)n 7^-symmetry group respectively), with product gauge groups and 
bifundamental matter. From the point of view of instanton calculus, such theories, 
for F = Zp, were studied in |]1T[ where the near horizon geometry, AdS^ x S^/Zp, 
was recovered in the large limit. 

One of the aims of this paper will be the study, via a finite N D-instanton calcu- 
lus, of a non conformal variant of the models we just described, involving both regular 
and fractional branes. We focus ourselves on the Af = 2 cases but most of our anal- 
ysis extends to more general situations. The deviations from conformal invariance 
seen from the probe point of view will be shown to be entirely determined by the 
one-loop /3-function coefficients of the underlying gauge theory. The analysis of non 
trivial RG- flows in the context of non conformal M = 2 AdS / QFT correspondences 
of the kind we study was pioneered in [Q . The subsequent results 0, ^ |15| strongly 
motivate the present work. In the correspondence between the one-loop beta 
function coefficient and the tadpole of the dilaton in the bulk supergravity theory was 
tested in an A/" = SYM4 gauge theory constructed out of D-branes and 0-planes. 



""^By a "fractional" brane in the unoriented context we mean an unpaired D-brane constrained 
to live on the orientifold plane. A "regular" brane can move off the fixed point of the orientifold if 
it does not break the modding discrete symmetry. 
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The result was extended in ||T5[ to various A/" = 0, 1, 2 non-conformal geometries. In 
this reference the one- loop beta function coefficient is read from the annulus/cylinder 
string computation which is shown to be protected from contributions coming from 
massive string modes, admitting therefore equivalent description in terms of either 
supergravity or SYM4 degrees of freedom. In the authors constructed the explicit 
supergravity solution of a fractional D3-brane outside of the enhangon and showed 
how the expected running of the gauge coupling constant is recovered from it. In 
this work we study the J\f = 2 RG-flow from the D-instanton probe perspective. 

The second motivation for this paper was induced by the desire to find a physi- 
cist's handle to some beautiful mathematical properties enjoyed by the moduli space 



of gauge connections realized d la ADHM [|T^]. Our present poor understanding of 
such properties accounts, in our opinion, for the difficulties we have in computing 
non perturbative effects in SYM4 theories. This task turns out to be one of the 
hardest challenges of present days theoretical physics. In spite of some spectacular 
progresses the only tool to study non perturbative properties in the framework 
of field theory is via instanton calculus. The single hurdle that makes such compu- 
tations so difficult is given by the presence of constraints in the ADHM construction 
of the moduli space of gauge connections. Such constraints can be explicitly solved 
only in a very limited number of instances but even in those cases the amount of 
algebra involved in the computations tends to obscure its physical meaning. To 
overcome this difficulty it has been proposed [|18| to implement such constraints in 
the functional integration via the introduction of a suitable number of Dirac deltas. 
Given that this prescription reproduces the correct measure (and it does |]19[)) we 
can now write the instanton measure for arbitrary winding number. This strategy 
has proved very successful especially in giving non perturbative checks of the 
Maldacena's conjecture In this last instance, the absence of a vacuum expecta- 
tion value for the scalars of the theory and the large N limit conspire to give the 
desired result. Such combination of favorable events is not always present. For ex- 
ample, giving a non trivial v.e.v. to the scalars corresponds in the brane picture 
to separate the branes, and this gives rise to less symmetric configurations render- 
ing the computations much more involved. This is why some of the authors have 
proposed to exploit the topological properties of SYM4 ||20|, an approach that we 
extend here also to the various M = 2 models arising from the above mentioned 
brane configurations; an extension to A/" = 4 has been carried out in The local- 
ization properties which show up in the topological formulation give indeed useful 
simplifications. One of the most striking outcome in the first checks ||22| of the non 
perturbative behaviour of A/" = 2 SYM4 computed by Seiberg and Witten was in 
fact its agreement with semiclassical instanton calculus. This in turn implies that 
the saddle point approximation for M = 2 SYM4 is exact: a typical feature of topo- 
logical theories. Along this line it is possible to show that the relevant correlators 
can be written as a total derivative in the moduli space of gauge connections: only 
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zero size instantons contribute to the computation. The measure is then recovered 
as a change of coordinates from fermionic to bosonic variables in the supersymmetric 



extension of the hyperkahler quotient construction |19|. But where does the prop- 



erty of being hyperkahler come from? Formally it can be obtained considering the 
infinite dimensional hyperkahler quotient of the space of general connections by the 
triholomorphic action of the group of gauge transformations Q. The zero level set is 
given by the space of self-dual solutions which, quotiented by Q, yields the moduli 
space. A much more palatable derivation can be given using D-branes. The ADHM 
construction for SYM4 with sixteen supercharges, gauge group SU (N) and arbitrary 
instanton number k can indeed also be obtained from the low-energy effective action 
of a system formed by a stack of k Dp-branes and D(p + 4) branes reduced to 
zero space-time dimensions when gravity is switched off |2^, |^. In this set up 
the familiar hyperkahler properties of the ADHM instanton moduli space descends 
naturally from similar structures in the underlying D(-l)-D3 supersymmetric gauge 



theory (see for a review from the field theory perspective). Such intimate rela- 
tionship between the ADHM construction and D-branes lies also at the origin of the 
results which we commented before relating moduli spaces of gauge connections and 
near horizon AdS geometry. 

This is the plan and summary of the paper: in section 2 we collect the main 
background material needed in the rest of the paper. Section 3 is devoted to the 
study of the geometry associated to various non conformal M = 2 gauge theories 
living on D3-brane systems located at M^/Xp singularities. As usual, the tested 
geometry depends on whether we use fractional or regular instanton probes. In the 
former case we found a geometry which is a sort of non conformal deformation of 
AdSt^ X S^. The position in the AdS^ space is identified with the energy scale of the 
boundary gauge theory and the /3-function coefficients agree with the field theory 
expectations. In the case where we use regular instantons as a probe, the geometry 
turns out to be AdS^ x /Xp independently on whether the theory is conformal 
or not. This is in agreement with our expectations from both supergravity and 
field theory point of view, since, as we will see, regular instantons test only the 
overall sum of the coupling constants in the product gauge group, and it is precisely 
this combination that does not run. We stress the fact that all results are valid 
already at finite A^! In section 4, we recast the D(-l)-D3 lagrangians as a topological 
0-1-0 dimensional theory of ADHM constraints and clarify the connection with the 
results of ||2^. The fact that the multi-instanton measure can be related to the 
partition function of a topological gauge theory encourage us to believe that the 
cumbersome integrations over the multi-instanton moduli space could be performed 
directly along the lines of p6|. Finally in section 5, we consider the case where the 
D3-branes wrap the M^/Zp singularity. D(-l) instantons are known to realize 
the Kronheimer-Nakajima construction of self-dual solutions of SYM4 living on a 
blown down ALE space. Following the line of our previous analysis we show how the 
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expected AdS^/Tip x geometry, with Zp acting on the AdS boundary, is recovered 
from the probe perspective. In the appendices we have collected some material 
concerning the spinorial representation of S0{1Q) which set up the notation of section 
2, and a rederivation of the action of section 4 from orbifold projection on the Af = 4 



topological action of [21 



(0 , l[2A:]x[2fc]) • (2.2) 



2. Instanton moduli spaces from D-branes dynamics 

The starting point of our discussion are the results of for the measure and multi- 
instanton action in the Af = 4 case ^ which, when suitably modified, will lead to 
the models of interest in this paper. The basic objects in the ADHM construction 
[0 of SU {N) instanton solution in four dimensions are the [A^ + 2k] x [2k] and 
[2k] X [N + 2k] matrices 

A{x) = a + bx , A{x)=a + xb , (2.1) 

where Xaa = XmO'aa: = x^o'^, ^ is the position of the multi-instanton center of 
mass and all the remaining moduli are collected in the matrix a (see formula (|2.3| ) 
below). Finally 6 is a [A^ + 2}^ x [2fc] matrix which can be conveniently chosen to be 

\ J-[2fc]x[2fc] / 

The moduli space of the solutions to the self-dual equations of motion is characterized 
in terms of the supercoordinates 

a^(;-") M^^i^l \ (2.3) 

satisfying the bosonic and fermionic ADHM constraints 

= /fcx\l[2]x[2] 

AM^ = M^A , (2.4) 

with fkxk an invertible [k] x [k] matrix. 

The solutions to the self-dual equations of motion for the various fields in the 
Af = 4: vector multiplet are given by 

= f7 (^M^fb - bfM^) U 

i^^B{x) = -^UiM^fM"^ - M^fM^)U + 
2v 2 



+^.,^.v,x,vj ;^v,x,.j ^2.5) 

V'J[2fc]x[JV] ^ ^[k]x[k] ® H2M2] J 

^We denote by Af one quarter of the number of real supercharges. 

^We adopt the following convention for the sigma matrices: cr™ = (tr^,— il) and a™ — 
(-a^-zl). 
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in terms of the kernels UiN^2k]x[N], ^[Ar]x[Ar+2fc] of the ADHM matrices A, A. In 
A^^ is the fermionic bihnear 

A^^ = -L(^M^M'' -M^'M^) , (2.6) 
and the operator L is defined as 

L-n = ^{w'',n} + [a^,[a„,,n]] , (2.7) 

with Wj^j = w'^^Wuja- In the above equations the indices i,j = l,...,k, u,v = 
1, . . . ,N, a, a = 1,2 and A = 1, . . . , 4 label the instanton number, the color, SO {4) 
and 5*0 (6)7^ = SU{4:)ti quantum numbers, respectively. 

The measure of the moduli space and the multi-instanton action can be efficiently 
read from the partition function of the gauge theory governing the low energy dy- 
namics of a system of k D(-l) and D3-branes moving in flat space [0 



7^^= ^ / d'''Xd''"D d'^\ d''"M d^'^'w d^'^'w d'^'^ii d^'^'fi e- 
VolU[k) J 



Sk,N 

(2.8) 



after integrating out the (xa, ^aA, Dc) degrees of freedom associated to the U{k) vec- 
tor multiplet, where a = 1, ... ,6 stands for the vector index in the transverse S0{6)ti 
and c = 1,2,3. This gauge theory is deflned by the dimensional reduction to + 
dimensions of the A/" = 1 U{k) gauge theory in D = 6 with one hypermultiplet trans- 
forming in the adjoint representation, denoted by {aaa,-Ma) ^ transforming 
in the fundamental representation (and its conjugate), denoted by (wq,, /x^; w", /x"^). 
The action can be written as 



Sk,N — —Sg + Sk + Sd (2.9) 
% 



with 



Sg = tr,( - [xa, Xbf + v^zTrA^^fxIiB, A|] - D'D'^) (2.10) 
Sk = -tTkiiXa, anf - XaW^w^Xa + V^m W^^IxabM^] - 2V2i7rxAi?/i^/i^) 
Sd = tTk {in (-[flaa, M"^] + fi'^Wa + Wafi"^^ A^ + D" (wr% - zC„[a„, a„]) ) 

Given the classical group isomorphism 50(6)7^ = SU{4:)n, S0{6)n vectors can also 

be written as xab = -j^^AsXa with the S^^ = {Vab,'^Vab),^ab = {'Vab^Wab) 
given in terms of the t'Hooft symbols. In the limit —>■ 00, gravity decouples from 
the gauge theory and the contributions coming from Sg are suppressed; then the 
flelds A;^, Dc become lagrangian multipliers implementing the ADHM constraints 
in the form 

WT^w - if]^„[am, an] = (2.11) 
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An explicit evaluation of the remaining integrations for generic k seems to be at 
present out of reach. However, in the limit of large significant simplifications take 
place. This program has been carried out in 0. The results show that the degrees of 
freedom associated to the fc-instanton center of mass are described by a position in 
an AdS^ x space, while the dynamics of the excitations around this configuration 
are governed by a + gauge theory obtained from the dimensional reduction of a 
A/" = 1 SU (k) gauge theory in D = 10 to zero space-time dimensions. 

In the following we apply these techniques to non conformal gauge theories and 
show how to make contact with the geometry of the corresponding supergravity 
backgrounds already at finite A^. 

3. On the geometry of the non conformal case 

Having seen how the ADHM moduli space for A/" = 4 arises from a D(-l)-D3 brane 
system ^ , this section is devoted to the study of gauge theories living on D3-branes 
located at a M^/T orbifold singularity, T being a discrete subgroup of SU{2). 

3.1 Pure J\f =2 Super Yang-Mills 

We first discuss the case of pure Af = 2 SU (N) SYM4 to exemplify our strategy, 
postponing to the next subsection the most general case corresponding to gauge 
theories with product groups and bifundamental matter. 

In the following our D3-branes will be longitudinal to the 7, 8, 9, 10 directions of 
space time and transverse to the remaining ones. In this section discrete symmetries 
act on the plane formed by the 1, 2, 4, 5 directions leaving 3, 6 unaltered. The low 
energy dynamics for a stack of A^ fractional D3-branes lying at a M^/F singularity 
is governed by a pure M = 2 SU{N) SYM4. This theory can be obtained by means 
of a F-projection of the previously discussed Af = 4 SU (N) gauge theory associated 
to A^ nearby D3-branes moving on a fiat space-time. In the M = 2 language, fields 
in the vector multiplet of the parent A/" = 4 theory are invariant under F, while 
the whole hypermultiplet, whose fields roughly describe the positions of the branes 
in the orbifold space, is projected out. Fractional D3-branes are then stuck at the 
origin of the orbifold space. Alternatively one can think of these branes as D5-branes 
wrapping a vanishing (at the orbifold point) two-cycle of a blown down ALE space. 

The aim of this section is to show how the moduli space measure and multi- 
instanton action of pure M = 2 SU (N) Super Yang-Mills theory can be read from 
the low energy lagrangian governing the dynamics of a fractional D(-l)-D3 system on 
M^/Zp. The low energy excitations of such a system are defined by the F-projection 

"^Our choice for the dimensionahty of the branes is taken for the sake of clarity and wiU not spoil 
the generality of our discussion. 



7 



[0, which in the notation of |TT| reads 



a 



X'" = e-'^x^'' (3.1) 

with qi = q2 = 0, gs = —q^ = 1. All the other fields {wa, w", am, D^) remain invariant 
under the Zp orbifold action. 

The net effect of the projection is to break the S'[/(4) 7^-symmetry group 
of the TVT = 4 theory down to SU{2)^ x U{l)ii, where SU{2)^ is the = 2 auto- 
morphism group and U{1)ti the anomalous 71 charge. A more detailed discussion of 
this point can be found in the appendix A. 

After the F-projection ( |3.1| ) the multi-instanton action can be read from ( ^.1U| ) 
with fermionic indices A, B now restricted to A, 5 = 1, 2 (in the fundamental of the 
automorphism group) and the bosonic components (xi? X2, X45 Xs) set to zero. The 
remaining components will be denoted by the complex notation 

= 2X43 = 2x^^ = :^(~^3 + iX&) 

= 2x2i = 2x=^' = ^(-X3-%) . (3.2) 



We can now follow |T0| in order to determine a gauge invariant measure. We 

/-a/ 
ij 5 Sij 



start by defining the SU{N) gauge invariant components W^,(ij^ through 



W^ = wtw^j^, W^^=wtr'iw^^f, c=l,2,3 

l^i = WujaCfi'' + with w^u^^ = 0, 

P't = C4<j + ^fu with uf^w^j^ = (3.3) 

and perform the integrations over the iso-orientation modes (parameterizing a point 

SUjN) 
SU{N-2k)xU{l) ' 



in the coset space aruM^^o^lrrc,) ) and over their "fermionic superpartners" v^, 



/gauge ^'""^^ ^''"^^ = ^KN (detsfciy)"^-'" d^'W^'d'^'W'^ (3.4) 

cosct 

j d''^^''-^^^v<e^^''-^^^veM^'^^^^kXAB^^A = (-27r2)'=(^-2^') (det,^)'^'^"''^ 
with 

Furthermore, by integrating out the auxiliary field D'^ we enforce the bosonic ADHM 
constraint W = ifj^nV^n, o.m\, while the integration on A;^ enforces the fermionic 
constraint and give rise to a factor vr^'^^ in the partition function. Plugging (|3.3|) 
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and ( p.4|) into the Zp projected analog of ( |2.8| ) one is left with the SU (N) invariant 
measure [|10| 



X (det2feiydetfc02)^ e-'^"'" , (3.6) 



with 



Sk,N = -47ri trfc 0A^2 + tr^ (0L0 + 0L0) (3.7) 

and Ck^N = c'i^j^{—27i'^)''^^~'^^^7i^^^. Here and in the following we denote by $[^-^1 = 
^AB _ ^BA ^YiQ antisymmetrization in the SU (4)?^ indices. 

We would like now to show that all dependence on the center of mass degrees 
of freedom in ( |3.(j| ) factorizes in an AdS^ x 5*^ term already at finite N. Inspired by 
large N manipulations we split each U (k) adjoint V-field into its trace and traceless 
part 

V = Volkxk + v . (3.8) 

At this point it is convenient to rescale the various traceless components of the fields 
in the following way 



re 



Xjyi -\- Pd^ 

(i + 4>) 



re-'^ ( 1 



Wo = p'{l + Wo] 
"A -A , „-hJ-S-/-A 



Mi = + pd^^t^ + phf Mi . (3.9) 

From ( |3.9D it follows that the variables Xm, p^, are the trace components 

associated to the overall bosonic and fermionic translational/conformal zero modes, 
while r is the distance of the D-instanton probe from the D3-branes ^. Our results 
can be expressed in terms of this quantity and of the adimensional variable y = rp. In 
fact, plugging (|0|) in ( p.6|) and taking care of the Jacobian involved in the rescalings, 
one can easily check that all dependence in the center of mass variables r, Xm, factors 
out in a "deformed" AdS's x factor 



^k,N 



dk,N J d^Xm r^drdd e^'^ ^-2ikm r-2kN ^2.ikr, ^a- 

dk,N I d'^Xm r^drd§ e^'"" ^-2ikN^ ^2.ikr{r) ^4^ ^4- _ ^3_^Q) 



^Actually r — d/a' , where d is the distance from the D3-branes in the orbifold fixed plane. 
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Remarkably the entire deviation from the AdS^ x measure, which, up to numerical 
coefficients, is given by the factor d'^Xm r^drdd in ( |3.10|) ^, is reabsorbed in the running 
couphng constant 



^7r2 87r2 



2'KiTir) = 2TTie --^ = 2^6 ^ - 2N ln(r) = 27riro - 2N ln(r) . (3.11) 



In ( |3.11| ) we identify the AdS radial coordinate r with the dynamical energy scale 



/X in the SYM4 gauge theory and read from the term multiplying the logarithm the 
ffist coefficient in the expansion of the f3 function 

f3 = r-^g{r) = -hgyiQn^ + ... . (3.12) 

with bi = 2Nc — Np = 2N, where Nc, Np are the number of colors and of the 
fundamental hypermultiplets respectively. 

Throughout this paper we employ units for which a' = 1 and choose to work 
with the dimensioned instanton measure Z^^n rather than with the physical measure. 
The two differ by a numerical coefficient (see 0) and a cut-off A dependent factor. 
Bringing back dimensions in ( |2.9|) , ( |2.10| ) (recalling that qq ~ {a')^^) one can easily 



check that the dimensionless combination is precisely h?^^ Zk,N- The appearance of 
the cut-off dependent factor in the normalized instanton measure can be rigorously 
derived from a Pauli-Villars regularization of the fluctuation determinants around 
the instanton background, see for a complete discussion on this point. The net 
result of this normalization is to replace r in ( |3.11|) by r/A, leading to the expected 
formula for the running coupling constant. 

The extra phase factor ^-MkN-2)-d ( p.io|) implements the selection rule imposed 
by the presence of the chiral anomaly. Indeed, taking into account that each insertion 
of an extra fermion, besides the eight associated to conformal and translational zero 
modes, carries a power of e~, one needs precisely A{kN — 2) insertions in order to 
cancel out the extra phase factor. This means that a non-trivial correlation function 
should involve a total number of n = 4kN fermionic insertions, as the usual selection 
rule of pure M = 2 SYM requires. For example, it would be interesting to consider 
the insertion of single or multi-trace composite operators of scalar fields, which have 
been recently shown not to get perturbative anomalous dimensions in A/" = 2 theories 
2|. 

Finally, the dk,N coefficients are given by the SU{k) integrals 
dk,N = ^'"'^ YQisu^k) I ^ ^( 

/ _ _2\ N-2k 

^y4kN-2k^-5 (det2kWdetk^ ) e-^(^) , (3.13) 



^We use coordinates where the AdS^ x 5*1 metric reads ds"^ = ^dx'^ + ^dr^ + R'^d'd'^ with 
— \/4:TrgsN, gs being the string couphng constant. 
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where we have introduced the compact tilded notation for the fields W = 1 + W and 
= 1 + 0. The action appearing in (|3.13| ) reads 

S{y) = -47iiytTk~^A'^-yhTk{4>L^ + U4>) , (3.14) 

with A^^ given by the same expression (|3.7|) as before but now in terms of the SU{k) 
components of the fermionic zero-modes and of the tilded field W. For our purposes 
it will not be important to compute these coefficients, since they do not involve 
powers of r and therefore will not affect the associated geometry in ( 3.1U| ). 



3.2 Adding regular branes 

In this subsection we extend the previous results to configurations involving both 
fractional and regular D3-branes moving on M^/Zp. More general orbifold projections 



M^/Zp [jTsf are specified by four integers qa such that gi + g2 + Q's + ?4 = mod p 
and lead to A/" = 1,0 supersymmetric gauge theories depending on whether Zp is 
embedded in an SU{3) or S'f/(4) subgroup of 50(6)7^ = SU{4:)ti respectively. The 
former case corresponds to 7^ for three values of the index A, while the latter to 
qa 7^ for all values of A. Fractional instanton in these less supersymmetric theories 
are constrained to live on the boundary of the AdS^ space ^ and therefore test only 
the less interesting four-dimensional fiat geometry. This is the main reason why we 
restrict our analysis to the Af = 2 case even if most of our manipulations apply in the 
A/" = 0, 1 contexts. We will follow closely |TI|, but focusing as in the previous section 



on non conformal brane configurations. We denote by Nq with q = 0,l,..,p — 1 
the number of D3-branes transforming in the ^^''-representation of Zp. A regular 
brane is defined by a set of p D3-branes, one of each type, and therefore the general 
configuration can be thought as built out of n = min^ {Ng} regular branes plus 
Nq — n fractional branes of the g-type. The example of pure M = 2 studied in 
the previous section corresponds to the case of no regular branes n = Nq = Q for 
g > with Nq = N fractional branes of the 0*^-type. In a similar way we denote 
by kq the number of D{—1) instantons of a given type. We consider first the case 
where the D3-brane geometry is probed by fractional instantons ( kq generic). The 
modifications to the case where regular instantons kg = k2 = .... = /Cp-i = K/p are 
used as test charges will be commented only at the end of this section. 

The analysis of the resulting gauge theory follows closely the one in the previous 
section but taking care of the fact that now the Zp projection acts on both Chan- 
Paton and SU{4)'ji indices. The precise action on the various D(-l)-D3 fields is given 
by 

-1 A 27ri2A A -1 

= 7Ar w« 7ir /i = e ^ In Ik 
^In the previous section and all the time along this paper we studied the case R^/Zp = R^'/Zp x 
in which fractional instantons are allowed to move in the directions 3,6 of the transverse space. Here 
we refer to the case where the transverse space is M^/Zp and fractional instantons live at the fixed 
point r = 0. 
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-a -a -1 -A 2m^ -A -1 

w = -fKW -f^ = e p -fKfJ' In 

daa = 1K daa = e^'^''~lK 

XAB = e'^'^^^K XAB Ik' = Ik 7/.' = e^-^^7i. Af ^k' 

where qi = q2 = 0, qs = —q^ = 1, and •jk, In are K x K and N x N matrices (with 
= J2q aiid K = J2q ^q) reahzing the orbifold group action on the Chan-Paton 
indices. The surviving components can be written as 

q A A 

Q ^ 

Wq = WaiqUg /ig = A'-jg+g^ng 

Xq — ^iq+qj^jq~qg ~ ^iqjq Ag — (3.15) 

where g = 0, 1, ...,p — 1, ig = 1, kg, Ug = 1, Ng are the block indices^. All sums 
in q are from now on understood modulo p. 

The result ( p.l5|) is derived from an iterative application of the Mac-Kay corre- 
spondence. We start by defining i^(A^)-dimensional vector spaces V^(ll^). Under the 
action of F = Zp they decompose as = J2q kgVg {W = J2q NgWg) where {kg}{{Ng}) 
labels the number of D(-l) (D3)-branes transforming in the g^'^-irreducible represen- 
tation Rg of Zp and Vq(Wg) are one-dimensional vector spaces associated to this 
irreducible representation. Open string modes can be thought as homomorphisms 
(or endomorphisms) between the real vector spaces V, W. In addition to the above 
decomposition in the Chan-Paton space, open string modes carrying a A = 3, 4 in- 
dex transform in the so called regular defining representation Q of Zp. The Mac-Kay 
correspondence states that the representation Rg®Q decompose under the action of 
a discrete subgroup F of SU{2) as 

Rg®Q = ®rAgrRr (3.16) 

being the extended Cartan matrix of the A-D-E algebra 
associated to F. In the present situation F = Zp and Agr = Sg^r+i + Sq,r-i- Collecting 
together A = 1,2 and A = 3,4 indices in the "A" index, we can write ( p.l6| ) as 
Rq (S> Qa = Sq,q+qA^q "wlth A = 1,..,4. The F invariant components can then be 
easily found using the Schur' s lemma Hom{Rg, Rr)r = ^qr- Let us illustrate how 
this works for the fields {xab, A^, D'^) in the vector multiplet: 



(3.17) 



XAB ■ 


Hom {Qa ®V,QB^V)r = Hom (i?'='+'^ , R'^'^-'^b 


Aa ■ 


Hom^ {Qa O V, V)r = Hom^ {R'^-'+'^a , R''") 


D" : 


Home {V, V)r = Hom^ {R^\ R^') . 



*More precisely the indices in ( |3.15D run as zi = 1, .., fci, ^2 = fci + 1, .., fci + k2 and so on. We 
adopt the simpUfying notation where the subscripts "g" indicates the matrix blocks from which 
iq,Uq start to count. 



12 



It is a straightforward exercise to extend this analysis to the remaining fields of the 
D(-l)-D3 lagrangian, leading finally to the matrix block form ( p.l5| ). 

Coming back to ( p.l5|) one notice that after the F projection the D(-l) gauge 
group is reduced to Yiq U{kq) ^ . A similar projection on the D3-D3 strings shows that 
the four- dimensional gauge group is reduced to Y{qU{Nq), and that the field theory 
spectrum is given by vector multiplets in the adjoint representation of the prod- 
uct gauge group and matter hypermultiplets in the bifundamental representations 

Mutatis mutandis we follow the strategy of the previous subsection, see ( p.3|) - 
( |3.5|) . The partition function (|3l6| ) generalizes to 



Zk,N = nlcfc^.^.g^^^'^' v UT(h I d^'W^d^^'(^d^^'^^^'"^'hd^^'^'Md^^^^''C 

g vol U yrhq ) J 

/ \ N —2k ■) 

X (detafc^VI^det^^^x) ' ' } exp [Am tik Xab^^^ - tik XaLxa] ■ (3.18) 

with kg = jE\=i kq+QA- 

The A, B = 1,2 components of the fields in ( ^.151 ) can be split exactly as in the 
previous formula ( |3.9| ) into their trace and traceless part, where now the instanton 
center of mass degrees of freedom clearly belong to the block diagonal components in 
( p. 15 ), while the SU{kg) fields are given in terms of still block diagonal but traceless 



q X q matrices. 

The remaining A,B = 3,4 components in (|3.15| ) are instead off-diagonal, and 
can be conveniently rescaled as 



0^ = re-'^(f)' 
0^ = re'^(p' 



Mt = p-^e-'^Mt , (3.19) 
where by 

</)^ = i=(-X. + %+s) , s = l,2 (3.20) 
we indicate the two complex coordinates which span the MV^p 

space orthogonal 

both to the D3-brane and to the orbifold fixed plane. 
Plugging in ( p.l8| ) one is left with the final result 



Zk^n = Dk,n j d^xmr^drd'de^''' {re''')-^^^^''^-^^'^e^'''''''^" d^^ d^f] 

= Dk,N j d^Xm r^drdd ^-'H'&N.ik.-k,) ^2nik,r,{r) ^4^ ^4- ^ (3 21) 



®The existence of this "auxiliary" Y[q U{kq) corresponds to the internal symmetries of the ADHM 
construction. See |l9| for a more detailed discussion of its role. 
^'^The sum over repeated q indices is always understood. 
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where Dk,n is a numerical coefficient given again in terms of integrals over the SU (kg) 
fields in j ^JEj ). 

We can see from (|3.21|) that the expected AdS^ x volume form corresponding to 



the multi-instanton center of mass degrees of freedom factors out while the additional 
powers of r are reabsorbed in the gauge coupling constants Tq{r) associated to the 
g-th gauge group 

2mkqTq{r) = 2mkqeq T—^ 

= 2mkqeg - - ANqikq - kq) ln(r) . (3.22) 



We can now check ( |3.22|) against the running of the coupling constants computed 
with field theory methods. As anticipated, the field content of our SYM4 can be 
organized in terms of A/" = 2 supermultiplets as 

Vector multiplets : Adjoint of WU (Nq) 

g 

Hypermultiplets : {Nq, Nq+i) + {Nq, Nq.^) , (3.23) 

For each U (Nq) factor we then have one vector multiplet and Np^ = Nq+i + Nq^i fun- 
damental hypermultiplets. The first coefficient in the expansion of the beta function 
is given by 

b['^ =2Nq-Ni?^ =2Nq-Nq+,-Nq^, . (3.24) 

The expression (|3.24]) agrees with the D-instanton result (|3.22| ) noticing that 



kqb'f'> = kq{2Nq - Nq+, - Nq_,) = 4Nq{kq - kq) . (3.25) 

We remark that, as for the pure M = 2 case of the previous section, we do not need an 
explicit expression for the Dk,n coefficients in (|3.21|) for our present purposes, since 



they do not affect the resulting geometry. Nonetheless, by studying their behaviour 
in the large N limit, which is amenable to a saddle point expansion, we can make 
contact with the more quantitative results of |TD|. This corresponds to the case 



fco = K,ki = ... = kp-i = and Nq = Ni = ... = Ap_i = A^, which, accordingly 
to (|3.23|) , describe charge K instantons in a A/" = 2 U{N) theory with Np = 2N 
fundamental hypermultiplets |10 . 



The relevant large A^ effective action for the bosonic fields can be obtained along 
the same lines of [0. In particular, it can be shown that the dominant saddle 
point contribution in the large A^ limit is the maximally degenerated solution, which 
corresponds to vanishing hatted fields in (|3.9| ) and (|3.19|) . Plugging this solution in 
the multi-instanton action and exponentiating the powers of y which appear in the 
coefficient Dk,n, one is left with the effective action 

Seff--2KN{y^-2\ny) , (3.26) 
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with a saddle point at y = 1, i.e. r = p^^ [0, p!0|| . 

The SU{K) fluctuations around this solution can be treated in the large N 
limit as in |T^; in particular, it turns out that their dynamics is governed by a 
+ dimensional gauge theory obtained from the dimensional reduction of a A/" = 1 
SU{K) gauge theory in D = 6. Thus in this case the large N limit of the Dk,n 
coefficients is proportional to the partition function of the above mentioned 
+ dimensional gauge theory. 

Finally let us consider the case where the D3-brane geometry is probed by regular 
D-instantons = ki = ... = kp_i = K/p. First of all notice that while fractional 
instantons were obliged to live in the orbifold plane 0^ = regular D-instantons 
come together with their images and can roam in the entire transverse space M^. 
Then, the ansatz (|3.19| ) should be improved in order to take into account the new 



bosonic and fermionic zero modes associated to the translational modes along the 
orbifolded directions. The r dependence of the instanton measure in this case follows 
directly from ( p.21|) but the angular dependence, which is now on S^/Zp, requires 
trickier manipulations due to the non-commutativity of the S0{6)ti isometry group. 
The new ansatz can be written as 

Xa = rgabieh + Xb) 

Mi = ^^ + pa^aVaA + p'^Mi , (3.27) 

where we denoted by rgab^b the multi-instanton center of mass degrees of freedom, 
which are now no longer diagonal. Instead, they are built out of square identity 
blocks: 



1 



ef^ef^w,. ' (3-28) 

suitably disposed inside the K x K matrix in a way which preserves the F-invariance 
[0. We have introduced in ( ^.27] ) a reference unit vector = — S^^cab/v^ which 
we fix to lie along, say, the first axis, e?, = 6bi. Moreover, gab is a matrix in the coset 
group S0{6)/ S0{5) parametrizing the orientation with respect to Cb of the multi- 
instanton center of mass, i.e. a position in S^. Now, by plugging (|3.27|) in the action 
appearing in ( p.l^ ) and reabsorbing the remnant dependence on gab of the Yukawa 
term by a suitable redefinition of the Clifford gamma matrices, one can easily check 
the factorization of a center of mass term AdS^ x S^/I^p. The global Zp identification 
is the result of a remnant discrete symmetry bab ~ e^'^**^'''*+'^^^/^eA_B [0- 



"'^^We recall that this is the part of the transverse space not acted upon by Zp. 
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Notice that there is no deformation of the AdS geometry. Indeed, in this case 
ko = ki = ... = fcp-i, which imphes kg = kg, and from (|3.25|) one can immediately 
see that no additional powers of r come into the measure (|3.21|) . We conclude that 
regular instantons probe an AdS^ x S^fZp (just as in the conformal case [^) even 
in the presence of fractional D3-branes, i.e. non conformal geometries. This is again 
in agreement with our field theory expectations since the overall sum of the gauge 
coupling constants, related to the ten-dimensional type IIB coupling constant, does 
not run. 



4. D-instanton actions and topological field theories 

It is very useful for practical computations to write down a topological version of 
the multi-instanton action we discussed in the previous section. In fact the presence 
in this case of a scalar supersymmetry Q allows to display interesting localization 
properties of the functional integral. Moreover, the Ward identities associated to 
Q allow in some cases to easily rule out the contribution of Q-exact terms in the 



action pO| , p6| . In this task was accomplished starting from the topologically 
twisted version of A/" = 2 SYM4 in R\ In this model, the functional integration over 
the fields can be done exactly, and localizes the partition function on the instanton 
moduli space correspondingly, the dynamics of the multi-instanton collective 
coordinates in presence of a non-trivial vacuum expectation value for the scalar field 
is described by a cohomological action on the ADHM variables. 

The introduction of auxiliary fields and the D-brane interpretation leading to 



( p.lO| ), in conjunction with the orbifold projection, allows a more general formulation 



of the above cited results. It is in fact now possible to twist the theory at the level 
of the parameters describing the moduli space and to show that the theory is given 
by the implementation of the ADHM constraints a la BRST. All previous results are 
instantly recovered: the results with a vacuum expectation value for the scalar in the 
theory are obtained by shifting the Xa fields surviving the orbifold projection. Also 



the topological theory obtained in the A/" = 4 case ||2T]] matches with our results after 
the orbifold projection. 

We remark that the partition function we considered in the previous section 
is multiplied by the eight fermionic zero modes {^a^vt) associated to the transla- 
tional and superconformal invariance, such that, in order to get well defined physical 
quantities, one is forced to insert suitable observables. The presence of a vacuum 
expectation value for the scalar fields breaks superconformal invariance and makes 
the associated fermionic zero-modes fj^ to appear in the multi-instanton action. Cor- 
respondingly, the partition function of the centered moduli space becomes itself a 



^^We recall that the centered moduli space is defined as the quotient of the usual moduli space 
with respect to the instanton center of mass x„i and the associated four fermionic zero- modes 



16 



non-trivial observable. However, gauge theories with a non trivial v.e.v. correspond 
to less symmetric D-branes configurations, making the explicit computations much 
more involved. In this case, the localization properties which show up in the topologi- 
cal formulation could give useful simplifications. On the other hand, this formulation 
could be used to identify a set of non-trivial observables useful to analyse finite N 
effects also in the conformal phase. We finally remark that another way to break 
superconformal invariance is to consider a non-commutative geometry background; 
as we will see, also this model can be easily included in a topological framework. 
The Af = 2 D-instanton action can be written in the cohomological theory set 



up by resorting to the standard twisting procedure |3^. In fact, as we discussed 
in Sect. 3, after the orbifold projection the field content of the theory can be 

read from ( |2.3|) by restricting A, B to the A, B indices labelling the fundamental 
representation of the J\f = 2 automorphism group SU{2)^. We then redefine the 
four dimensional rotation group SU{2)l x SU{2)[i acting on the projected fields as 
SU{2)l X SU{2)'ji, where 5f/(2)'^ is the diagonal subgroup of SU{2)r x SU{2)^. We 
remark that on a fiat manifold this simply amounts to a redefinition of variables, 
such that the conventional and the twisted formulation are completely equivalent. 

In view of the above considerations, we also consider the possibility of turning 
on a vacuum expectation value v for the adjoint scalar and a background B-field 
along the D3-brane directions. The former correspond to a separation between the 
D3-branes and is easily realized by replacing by + f in all previous formulas 
The latter can be incorporated by adding a Fayet-Iliopoulos term to the D(-l)-D3 



lagrangian and give rise to a theory on a non-commutative space-time |31[| 

Accordingly, the bosonic ADHM constraints are deformed by the parameter [p^j , 
such that we have, in terms of the twisted variables (where A is identified with a) 

W°'lJa - fi"Wa - 2[a„, Mn] = , 

wr> + fxT^w - 2ir/^„[a^, Mn] = , 

C ■ (4.2) 



-.' 1 /-c 



To these constraints we associate the doublets of auxiliary fields (Ac, -De) and {4>,ri), 
transforming under the scalar supercharge Q as 

[4>,K] , 



(4.3) 





= D, 


QD,-- 


Q0 


= V 


Qv = 


Q0 


= 


Qv-- 


QC 


= . 
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For simplicity we restrict v to lie in the Cartan subalgebra of the gauge group. 
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where is the generator of U{k) transformations under which ( [4 .21 ) are invariant. 
The cohomological action which implements the constraints ([4.2|) reads 



with 



S = tTkQ {(j) + v){w°'Ha - Ai"Wd - 2[an,Mn]) + — + 

+ Xc {WT^W - if]^^[am, an] - O , 

9o 



Qan = Mn Q Mn = [0, a„] 

QWa = IJ'a Q lla = -Wa{(t) + V) 



(4.4) 



(4.5) 



We observe that in this context can be understood as a "gauge-fixing" parameter, 
which can be continuously deformed without affecting the results as long as the 
Q-invariant physical observables we are computing are well defined. In particular, 
we can send ^ oo, such that the ADHM constraints ( |4.2| ) are implemented as 
Dirac delta-functions instead to be spread out as Gaussian weights in the functional 
integral |2^, ^ . As we have seen in the previous sections, this significantly simplifies 
the exphcit computations. 

In the presence of Np fundamental hypermultiplets, the multi-instanton action 
gets another term [TO which can be written as 



hyp 



Qiik hIC + ICh 



(4.6) 



where (/C, /C) are respectively k x Np and Np x k matrices denoting the collective 
fermionic coordinates for the fundamental matter fields and {h, h) are bosonic aux- 
iliary variables, transforming as 



QIC = h g/i = 0/C, 
QIC = h Q h = —IC(f) 



(4.7) 



By acting with Q on the l.h.s of ( [4.4|) and splitting the action as in (p.9|) we get, 
after integration on the auxiliary variables {h, h) 



Sg = tr,([0, 0]2 - r][<f), r/] + A,[0, AJ - D'D') , 
Sk = trfc( - 2[0, a„][0,a„] + {(j) + v) {(j) + v) + h.c. 

+2Mm[^, Mm] + 2(0 + t;)/i><i), 

Sd = tik [r?(w"/iQ - fi^Wa - 2[a„, Mn]) - K {wr'^fi + fiT^w - 2if]^^[am, Mn]) 

+0" [WT^W - iVmnlam, ^n] " C) ] 



'hyp 



tri 



2/C0/C 



(4. 
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We remark that this action can also be obtained from dimensional reduction to (0 + 0) 
dimensions of the two dimensional (0, 4) supersymmetric Yang-Mills theory which 
describes the low-energy dynamics of a Dl — D5 system wrapping a M^/Z2 space. 
In this case, the fermionic symmetry Q is given by a suitable combination of the 
supersymmetry charges . 



Few comments are in order for the pure M = 2 theory. When Np = 0, the action 
coincides for f = (^^ = with the multi-instanton action of the previous section 
(2.1) written in terms of the twisted variables 

/^^ = (^)^/^'' (4.9) 

Moreover, we recall that a cohomological action for the commutative case = 
and in presence of a non-trivial v.e.v. v for the scalar field was obtained in pOf 
by resorting to the topologically twisted formulation of the M = 2 SYM theory. 
Once the ADHM constraints have been enforced by integration on the lagrangian 
multipliers (D'^, A'^, 77), the same multi-instanton action can be obtained from the Sk 
term in ( [4.8| ) by integrating on (0, 0) , which implements the equation of motion for 
the scalar field 

L0= [A^„,A<J-/i>^ , (4.10) 



where the operator L was defined in ( p.7| ). The scalar supersymmetry operator ([4] 
coincides then with the covariant derivative on the moduli space defined in , 

Q = s + C (4.11) 

where s and C are respectively the exterior derivative and the U{k) connection on 
the ADHM moduli space, being the corresponding U{k) curvature. 

In Appendix B we show how our M = 2 topological theory can be obtained 



from that derived in |21] for the A/" = 4 case by using the same projection procedure 
discussed in section 3. 



5. Instantons on ALE spaces 

Finally we would like to comment on the case in which the orbifold quotient is taken 
along the directions longitudinal to the D3-brane system. These directions form a 
space acted upon by the Lorentz group 50(4) = SU{2)l x SU{2)r. This case 

"actually, in the Sp{l) ^ SU{2) ADHM formalism has been adopted; hence, the ADHM 
aioxiliary group is 0{k). This makes to appear sligthly different notations for the explicit expression 
of the action and the connection, but obviously the geometrical interpretation holds unaltered. 
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has been extensively studied in ||2^ and D-instantons were shown to reproduce the 
Kronheimer-Nakajima construction of self-dual connections for gauge theories living 
on ALE spaces [0. The projection is similar to the one performed in section 2 but 



now r is acting on the Lorentz indices a,P of SU{2)l. 

There is however an important difference respect to our previous considerations 
of gauge instantons in M^. Indeed, noticing that the ALE space geometry support 
topologically non-trivial two cycles, the instanton solution is now classified by both 
the first and second Chern classes. More precisely one can associate P3| a tautological 



bundle T with fiber the regular representation i? of F and base the ALE space itself. 
Under the action of F this tautological bundle admits a decomposition T = J2q X}®Rq 
with Rg {q = 0, 1, ....p— 1) the irreducible representation of F. The first Chern Class 
Ci(Tg) of the Tq bundles, q ^ { Ci(7^) = ), form a basis of the second cohomology 
group and satisfy 

/ c,{%) A c^i%,) = iC-')gg, (5.1) 

J ALE 

with the inverse of the Cartan matrix of the unextended Dynkin diagram. The 
restriction to the interesting case of instanton solutions with vanishing first Chern 
class impose, as we will see, strong constraints on the allowed instanton configurations 
{kg} for a given partition {Ng}. In the following we follow closely whose notation 



we adapt to the computations carried out in the previous sections. 

Once again the starting point is the K = J2q kg instanton solution of A/" = 4 
SYM4 on a flat space and gauge group U{N), with N = J2q ^q- The projection (|5.2| ) 
is now replaced by 

w" = 7k 7^-^ = 7^- fi^ 7^-^ 

aaa = e P 'jKCtaalK -^a = ^ " iK 7^ (5.2) 

Xab = IK Xab = IK = IK 7^^ 

with qi = —q2 = 1, and 7^-, 'Jn the K x K and N x N matrices realizing the orbifold 
group action on the Chan-Paton indices. Notice that supersymmetry is preserved by 
this projection since F acts in the same way on the different components of a given 
supermultiplet. 

The surviving components read 

Wl = Wm,U, fig = fit,u, 

y ^q+qaJq 1 '■q+qaJq 

Xq^ = xtX D^q = D^j, A^" = A^"^ . (5.3) 

The moduli space of multi-instanton solutions and ADHM constraints can be de- 
scribed as before through (p.3|), (|2.4|) but now in terms of the invariant components 
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( |5.3|) . In particular the dimension of the moduh space is given by the total number 
of components in the first two lines of ( |5.3| ), minus the number of ADHM constraints 
(given by dim.D'^ = 3kg for each q), minus the dimension of the auxiliary gauge group 

dim A^B = 4:Y,{kqNg + kgk^ - A;J) 

dim Mf = 8 ^(^9^9 + kK - kl) (5.4) 



where kq = ^ ^q+qa ■ The resulting dimensions in (|5.4| ) are in agreement with [p5 



The definition of the ADHM matrices ( p.lD and the ADHM ansatz (|2.5| ) require 
instead some generalization in order to encompass the non-triviality of the ALE 



geometry. This can be easily done following We first notice that the center of 
mass position Xm of the multi-instanton solution can always be defined as the trace 
part of the am matrix, as in section 3, see (p.9| ). From ( [5.3| ) one can then easily see 
that Xm parameterize a point in the R^/Zp space if we test the geometry with regular 
D-instantons. If instead we use fractional D-instanton probes, Xm is simply frozen 
to zero. 

In order to extend the ansatz (|2.5| ) to the ALE situation we should first give a 
covariant definition for h in (p. 21) 



^ = '^P]x[2]1Mx[A:]V„A 6 = 0-p]^j2]l[fc]x[fc]V„A , (5.5) 

where Vn = (9„ + is the covariant derivative respect to a connection in the 
tautological bundle T. The ADHM ansatz for the gauge potential (P75|) and adjoint 



fermionic zero modes are modified now to |3B 



= U^VnU (5.6) 
= U (M^fa^VnA - VnAa'^fM'^) U (5.7) 



which covariantly generalize ( p.5|) . The matrices U and f7 are defined as before as the 
kernels of A, A. Moreover, the ADHM matrices decompose under F as a collection 
of maps 

^k+2.,]x,^,] ■ Wq + {Vq ® 1.X2) - Q X K . (5.8) 

These properties can be used to relate the Chern character of the instanton bundle to 
the Chern characters of the individual bundles 7^. The instanton bundle is specified 
then by giving the first and second Chern class 



Cl = E (^9 + - ci(r,) 



C2 = E {^1 + - 2A;,) C2{%) + 1^ (5.9) 
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In particular an instanton solution with vanishing first Chern class is given by 



Ng + 2kg-2kg = for g>0. (5.10) 

This is a highly non trivial constraint on the allowed values of {kg, Ng). Notice that 
only in this case the instanton number defined as -R'/IFI = K/p coincides with the 
second Chern class. In [^] the reader will be able to find detailed discussions of 
various cases. Here we simply recall the results in the simplest context: the SU{2) 
gauge bundle on the Eguchi-Hanson blown down space M}/Z2. Solutions to ( p.lQ ) 
in this case are given by either N = (2,0), k = {k, k) oi N = (0,2), k = {k — l,k). 
They lead to instanton solutions with integer and half-integer second Chern class 
respectively, as can be easily see from (|5.9| ). The dimension of the multi-instanton 
moduli space can be read from (|5.4| ) and turns out to be respectively equal to 8A; 
and 8k — 4, in agreement with A computation of the partition function for the 
lowest value of the Chern class, C2 = 1/2, was carried out in |^ yielding the bulk 
contribution to the Euler number of the moduli space^^. 

Having described the main topological properties of the instanton solutions de- 
scribed by (|5.3|), we come back to the study of the moduli space geometry. The low 
energy effective action ( |2.1CI| ) written in terms of ( p.3| ) gives again a very tractable 
description of the physics around the multi-instanton background. Since the whole 
50(6) 7^-symmetry is clearly preserved by the projection, this action describes in- 
stantons in an A/" = 4 gauge theory, living on an ALE space. 

It is a straightforward exercise to apply the techniques of the previous section 
to show that for a regular instanton probe the center of mass degrees of freedom 
factor out from the multi-instanton measure and describe a point in an euclidean 
5*^ X AdS^ /Zp space, with Zp acting on the four-dimensional boundary of the 
AdS^. In the case of fractional instantons only the origin of this boundary space is 
clearly probed. The crucial observation is that, unlike in the non conformal situations 
considered in the previous section, no r dependence comes now from the determinants 
(det2fc,W^det4fcgX) ~ V*^'' iii (|3.18|) , since the orbifold projection acts in the same way 
on the W and x fields, balancing their contribution against each other. On the other 
hand also the various contributions to the measure coming from the Jacobian of the 
scalings ( PTP| ) cancel, leaving a conformal AdS^ /Zp x 5*5 geometry. 
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A. Appendix 

In section 2 we have seen how, by modeling the internal symmetry group, the number 
of supersymmetric charges is reduced and we have discussed the case of a A/" = 4 
theory going to a A/" = 2. In section 4 this latter theory has been twisted allowing 
a topological interpretation. The following material will help the reader to convince 
himself that in this reduction the right quantum numbers for the Af = 2 theory are 
generated. 



To avoid the introduction of more formalism, we will use the notations of |28| , to 
which we refer the reader for a complete treatment of the subject. As it is well known, 
the highest weight of a representation, /i = X^^V*; can be built as a tensor product 
starting from the fundamental weights fi\ The representations whose weights are 
the /i* are the fundamental representations D^. For 5*0(10) we concentrate on two 
such representations, and with weights fi^ = (e^ -|- . . . — e^)/2 and fi^ = 
(e^ -|- . . . -|- e^)/2, where the ±e* ± e\i ^ j are the roots of the algebra. Both 
representations are 16 dimensional and if we denote by ^ generic weight 

(with ?7* = ±1), we have that for D^, Oi^j = ~1, while for D^, JJiTji = 1. This 
means that Z)^ (D^) has negative (positive) parity, since the rji can be chosen to 
be the eigenvalues of some Pauli matrices out of which the Dirac Fn matrix (in 
the Clifford representation) can be built as the tensor product Fn = ®f=]^o"3. Let 
us now see what happens to D'^,D^ under the regular maximal subgroup, i.e. the 
subgroup whose rank is the same as that of the original group. These subgroups are 
obtained by studying the extended 11 system of the algebra. In our case we obtain 
50(10) ^ 50(6) X 50(4) = 5f/(4) x SU{2)l x 5f/(2)^. The simple roots of 50(6) 
are now 



a' = e'-e' (A.l) 



and those of the SU{2)l x SU{2)ii are 



= e^ + (A.2) 

The weights of are now divided into two sets {rjirj2rj^ = 1,?74?75 = 1}, {V1V2V3 = 
— 1,774775 = —1}. Recapitulating, we have seen that (4, 2, 1) © (4, 1, 2). Fur- 

thermore, given that the maximal regular subgroup of SU{A) ~ 5*0(6) is 5*0(4) x 
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S0{2) ~ SU{2) X SU{2y X U{1) it follows that the U{1) coming from the decompo- 
sition of the 4 with positive parity 771772 = +1 has U{1) quantum number 773 = +1. 
The positive parity Weyl-Maiorana spinor in ten space-time dimensions is 




A^^, are the (4, 2, 1) and (4, 1, 2) parts respectively. 

Let us now discuss the modding: we decide to label by ;U = 7, . . . , 10 the direc- 
tions longitudinal to our D3-brane. The F subgroup is going to act on the transverse 
a = 1,2,4, 5 directions. We also consider F = Z2 to recover pure Af = 2 SYM4. In 
this case the action of the Z2 is that of an inversion. A, which transforms the spinor 



( |A.3D as ijj'{x') = ijj'i^ ■ ^) = S{A)ijj{x). Requiring the invariance of the Dirac's 
equation we find S'^V^S = — F" with a = 1, 2, 4, 5. As it is well known, the solution 
to this equation is given by the parity matrix. 

A convenient representation of the ten dimensional Clifford algebra is given by 




r^ = l8x8®7^ (A.4) 
where the 7'^'s define a four dimensional Clifford algebra in the longitudinal directions 

1) M (A.5) 



By using ( |A.4| ) it is now easy to see that the condition of parity invariance in the 



a = 1, 2, 4, 5 directions boils down to setting to zero those fermionic components with 
A = A = 3,4. For what the vector is concerned, x' = ^ ■ X = ~X fo^^ the components 
/i = l,2,4,5. 

Implementing these considerations in ( |2.10| ) one easily obtains the measure for 
the ADHM construction with Af = 2. Modding out by a discrete subgroup turns out 
to be a very effective way to deduce lagrangians with a lower number of supersym- 
metries. 



B. Appendix 

In section 3 we showed how to obtain a TV = 2 supersymmetric theory out of a = 4 
one by imposing F invariance. The same exercise can be carried on with topological 
theories. Our starting point will be the A/" = 4 topological theory studied in [pl| ], 
which we rewrite here as 

S = Q tik(^A<P, 4>]+H-x-iS-x-l E(^j0 • Bi + . Bj)) , (B.l) 
^ ^ 1=1 
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where H = {H^\ Hj;/\iD'^) are the auxihary fields which implement the constraints 
8 = {S^\S^^\S'^) and x = {Xa\x&\i^'^) their fermionic superpartners, while 
Bi = {(j)'^,Wa,am) and are the corresponding fermionic superpartners. The quiver 
projection of section 3.1 implies that the 0* fields are set to zero; then, also their 
fermionic superpartners and the associated auxiliary fields are dropped, and we are 
left with 

S = Q tTk{\v[^, 0] - A,Z^^ + A,^^ - MJ^, a J + ^fi^^w^ + ^fi^^w^) , (B.2) 

where S'^ can be identified with the twisted bosonic constraint, last equation in ( ^4.2| ). 
Finally, by adding a vev to the scalar fields and making the simple rescalings 20, 
V v/9o^ D^/go, we get the action (^141). 
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